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a b s t r a c t

The problem of exponential L1 output tracking control for positive switched linear
systems with time-varying delays is addressed in this paper. The exponential L1-gain
performance index is introduced to study such a problem. By resorting to the average
dwell time approach, and also by constructing an appropriate piecewise co-positive type
Lyapunov–Krasovskii functional, a new delay-dependent exponential stability criterion
is developed, and the exponential L1-gain performance is analyzed. Based on the results
obtained, a state feedback controller is constructed such that the exponential L1 output
tracking performance is satisfied. A numerical example is given to demonstrate the
effectiveness of the proposed method.
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1. Introduction

There exist many real-world systemswhose inputs, state variables, and outputs are constrained to be nonnegative. Many
examples of such systems canbe found in economics, population dynamics, social sciences, ecology, and so on. These systems
can be modeled as positive systems [1–5]. A positive system implies that its states and outputs are nonnegative whenever
the initial conditions and inputs are nonnegative. The problems of stability analysis and controller synthesis of positive
systems have been highlighted by many researchers (see [6–10] and the references cited therein). Switched systems, on
the other hand, have attracted considerable attention due to their significance both in theory development and in practical
applications [11]. The main concern in the study of switched systems is the stability analysis (see, e.g., [12–15]).

Very recently, positive switched systems, which consist of a family of positive subsystems and a switching signal
governing the switching among these subsystems, have also been paid much attention in control communities. Typical
applications of these systems can be also found in many fields such as congestion control applications [16,17], formation
flying [18], networks employing TCP (transmission control protocol) [19], and systems theory [20]. The past decade has
witnessed a great interest in the stability of such systems, and some results are available [19,21–25]. When the stability of
positive systems is considered, it is natural to apply a linear co-positive Lyapunov function [26]. A necessary and sufficient
condition for the existence of a common linear co-positive Lyapunov function is established in [19], where the positive
switched system consists of two n-dimensional subsystems. A switched linear co-positive Lyapunov function is proposed
in [22], which yields a less conservative result.

Delays are universal in real engineering processes and have very complex impacts on system dynamics. Although many
results have been reported for time-delay systems [27–30], only recently have positive systems with time delays become a
topic of major interest. To list a few, a necessary and sufficient stability criterion for positive systems with constant delays
is obtained in [31] by means of a linear co-positive Lyapunov functional [19,32]. Constrained control and observer design
problems are considered in [33,34]. As for the stability of positive switched systems with time delays, some results have
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appeared. For example, some stability conditions of positive switched linear systems with delays are established in [25].
In [35], by using the average dwell time approach, a sufficient stability criterion of a class of switched positive linear time-
delay systems is derived.

Tracking control, an important issue in the control field, has wide applications in dynamic processes in industry, biology,
economics, and many other practical fields [36,37]. Tracking control can be classified into two categories: output tracking
control and state tracking control. The principal objective of tracking control is trying to minimize the error between the
output (or state) of the plant and the output (or state) of a given reference model via designing a controller. With the great
development of switched system theory, the tracking control of switched systems has received increasing attention in the
last few years. The issues of observer-based state tracking control and robust state tracking control for switched linear
systemswith time-varying delay are investigated in [38,39], respectively. Li et al. [40] investigate the robust tracking control
problem for switched linear systems with time-varying delays, and give some sufficient conditions for the solvability of
the robust tracking control problem. In [41], the output tracking control problem for switched linear time-varying delayed
systems with stabilizable and unstabilizable subsystems is researched, and some sufficient conditions for the solvability of
the tracking control problem are developed. Hou et al. consider the problem of exponential l2 − l∞ output tracking control
for a discrete-time switched system with time-varying delay in [42], where a class of discrete-time state feedback tracking
controller is constructed. It is worth pointing out that the aforementioned results are mainly on the tracking problem of
non-positive switched systems, and the strategy is based on the H∞ or l2 − l∞ performance index. However, to the best of
our knowledge, the tracking control problem of positive switched systems have not been fully investigated, whichmotivates
the present study.

In this paper, we are interested in investigating exponential L1 output tracking control for positive switched linear
systems with time-varying delays. The main contributions of the paper are threefold: (i) the reference model generating
the reference signal is given, in which the reference input is considered as a disturbance in the augmented system; (ii) by
utilizing the average dwell time approach and a piecewise co-positive type Lyapunov–Krasovskii functional, a new delay-
dependent exponential stability criterion is developed, and a sufficient condition for the existence of exponential L1-gain
performance is derived; (iii) a state feedback controller design scheme is proposed for the underlying system to achieve
exponential L1 output tracking performance.

This paper is organized as follows. In Section 2, the problem formulation and some necessary lemmas are given. In
Section 3, based on the dwell time approach, both the stability analysis and the exponential L1-gain performance analysis
for positive switched systems with time-varying delays are developed. Then, based on the results obtained, a sufficient
condition for the existence of an exponential L1 output tracking controller for such systems is formulated in terms of a set of
matrix inequalities. A numerical example is provided to illustrate the effectiveness of the proposed approach in Section 4.
Concluding remarks are given in Section 5.
Notation: Throughout this paper, the superscript T denotes the transpose. A ≻ 0 (A ≽ 0) means that all elements of A are
positive (nonnegative). R, Rn, and Rn×n denote the field of real numbers, the n-dimensional Euclidean space, and the space of
n × nmatrices with real entries, respectively. Rn

+
is the set of positive vectors. For a vector x = (x1, x2, . . . , xn)T , its 1-norm

is given by ∥x∥1 =
n

k=1 |xk|, |x| = (|x1|, |x2|, . . . , |xn|)T , where xk is the kth element of the vector x. L1 [t0,∞) denotes the
space of absolute integrable vector-valued functions on the interval [t0,∞); that is, x(t) ∈ L1 [t0,∞) if


∞

t0
∥x(t)∥1 dt < ∞

holds.

2. Problem statements and preliminaries

Consider a class of switched linear systems with time-varying delays given by

ẋ(t) = Aσ(t)x(t)+ Adσ(t)x(t − d(t))+ Eσ(t)w(t)+ Bσ(t)u(t), (1a)

x(θ) = ϕ(θ), θ ∈ [−τ , 0] , (1b)
y(t) = Cσ(t)x(t), (1c)

where x(t) ∈ Rn is the state vector, u(t) ∈ Rl is the control input, y(t) ∈ Rm is the output,w(t) ∈ Rp is the disturbance input
which belongs to L1[0,∞), d(t) denotes the time-varying delay satisfying 0 ≤ d(t) ≤ τ , ḋ(t) ≤ h, and ϕ(θ) is a continuous
vector-valued initial function defined on [−τ , 0]. The function σ(t) : [0,∞) → N , {1, 2, . . . ,N} is the switching signal;
corresponding to it is the switching sequence ψ : {(t0, σ (t0)), (t1, σ (t1)), . . . , (tk, σ (tk)) · · ·}, where t0 = 0 is the initial
time and tk denotes the kth switching instant. Moreover, σ(t) = i ∈ N means that the ith subsystem is active, andN denotes
the number of subsystems. Ai, Adi, Bi, Ci, and Ei, i ∈ N , are constant matrices with appropriate dimensions.

We give the following definitions and lemmas on positive switched systems.

Definition 1. System (1) is said to bepositive if, for any switching signalsσ(t), any initial condition(s)ϕ(θ) ≽ 0, θ ∈ [−τ , 0],
and any inputsw(t) ≽ 0 and u(t) ≽ 0, the corresponding trajectories satisfy x(t) ≽ 0 and y(t) ≽ 0 for all t ≥ 0.

Definition 2 ([19]). A is called a Metzler matrix if the off-diagonal entries of matrix A are nonnegative.

Lemma 1 ([3]). Let A ∈ Rn×n. Then eAt ≽ 0,∀t ≥ 0, if and only if A is a Metzler matrix.
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Lemma 2. System (1) is positive under any switching signals σ(t) if and only if Ai are Metzler matrices, Adi ≽ 0, Bi ≽ 0, Ei ≽ 0,
and Ci ≽ 0,∀i ∈ N.

Proof. Sufficiency: For any T > 0, t0 = 0, we denote t1, t2, . . . , tNσ (t0,T ) the switching instants on the interval [t0, T ). First,
from system (1), ∀t ∈ [t0, t1), we have

exp{−Aσ(t0)t}(ẋ(t)− Aσ(t0)x(t)) = exp{−Aσ(t0)t}(Adσ(t0)x(t − d(t))+ Eσ(t0)w(t)+ Bσ(t0)u(t)),
y(t) = Cσ(t0)x(t).

Integrating both sides of the first equation from t = t0 to t leads to

exp{−Aσ(t0)t}x(t) =

 t

t0
(exp{−Aσ(t0)s}(Adσ(t0)x(s − d(s))+ Eσ(t0)w(s)+ Bσ(t0)u(s)))ds + x(t0).

It follows that

x(t) =

 t

t0
(exp{Aσ(t0)(t − s)}(Adσ(t0)x(s − d(s))+ Eσ(t0)w(s)+ Bσ(t0)u(s)))ds + exp{Aσ(t0)t}ϕ(0).

By Lemma 1, if Aσ(t0) is a Metzler matrix, Adσ(t0) ≽ 0, Bσ(t0) ≽ 0, Eσ(t0) ≽ 0, and Cσ(t0) ≽ 0, it is straightforward to obtain
that x(t) ≽ 0, y(t) ≽ 0,∀t ∈ [t0, t1), and x(t1) = x(t−1 ) ≽ 0. Similar to the above process, one has that, ∀t ∈ [t1, t2),

x(t) =

 t

t1
(exp{Aσ(t1)(t − s)}(Adσ(t1)x(s − d(s))+ Eσ(t1)w(s)+ Bσ(t1)u(s)))ds + exp{Aσ(t1)t}x(t1)

≽ 0,
y(t) = Cσ(t1)x(t) ≽ 0,

and x(t2) = x(t−2 ) ≽ 0. Recursively, if Ai,∀i ∈ N , are Metzler matrices, Adi ≽ 0, Bi ≽ 0, Ei ≽ 0, and Ci ≽ 0, we can obtain
that x(T ) ≽ 0, y(T ) ≽ 0,∀T > 0.

Necessity: Conversely, suppose that there exists an element aiqg < 0, i ∈ N, q ≠ g , where aiqg is in the qth row and gth
column of Ai. From system (1), we have

ẋq(t) =

n
κ=1,κ≠q,κ≠g

aiqκxκ(t)+ aiqqxq(t)+ aiqgxg(t)+

n
κ=1

adiqκxκ(t − d(t))+

n
κ=1

eiqκwκ(t)+

n
κ=1

biqκuκ(t),

where xκ(t),wκ(t), and uκ(t) represent the κth elements of x(t),w(t), and u(t), respectively. Then, if xg(t) ≠ 0, we can see
that ẋq(t) < 0 is possible whenever xq(t) = 0, which means that xq(t+) < 0. It follows that system (1) is not positive.

Then, assuming that Adi has an element adiqg < 0, i ∈ N , one obtains

ẋq(t) =

n
κ=1,κ≠q

aiqκxκ(t)+ aiqqxq(t)+

n
κ=1,κ≠g

adiqκxκ(t − d(t))

+ adiqgxg(t − d(t))+

n
κ=1

eiqκwκ(t)+

n
κ=1

biqκuκ(t).

Then, it can be obtained that xq(t+) < 0 is possible whenever xq(t) = 0; that is, system (1) is not positive. Similarly, if Bi
has an element biqg < 0 or Ei has an element eiqg < 0, i ∈ N , one can get that system (1) is not positive.

Finally, suppose that there exists an element Ciqg < 0, i ∈ N , q ≠ g , where Ciqg is in the qth row and gth column of Ci.
From system (1c), we obtain

yq(t) =

n
κ=1,κ≠q,κ≠g

ciqκxκ(t)+ ciqqxq(t)+ ciqgxg(t).

It is easy to get that yq(t) < 0 is possible whenever xg(t) > 0, which means that system (1) is not positive.
That is to say, system (1) is positive under any switching signals if and only if Ai are Metzler matrices, Adi ≽ 0, Bi ≽

0, Ei ≽ 0, and Ci ≽ 0,∀i ∈ N .
The proof is completed.

Remark 1. In the light of Lemma 2.1 in [33], it is clear that the ith subsystem in system (1) is positive if and only if Ai is a
Metzler matrix, Adi ≽ 0, Bi ≽ 0, Ei ≽ 0, and Ci ≽ 0,∀i ∈ N . Thus we have an equivalent expression of Lemma 2; that is to
say, system (1) is positive under any switching signals if and only it consists of a family of positive linear time-varying delay
subsystems.
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In order to investigate the tracking performance of positive switched system (1), we consider the following positive
reference model:

ẋr(t) = Arxr(t)+ Er r(t), (2a)
yr(t) = Crxr(t), (2b)

where xr(t) ∈ Rn
+
and yr(t) ∈ Rm

+
denote the reference state and reference output, respectively. r(t) ∈ Rz

+
is the reference

input which belongs to L1[0,∞). Ar is a Hurwitz matrix with an appropriate dimension and is also a Metzler matrix, and
Er ≽ 0 and Cr ≽ 0 are constant matrices with appropriate dimensions.

Here, we are interested in designing a state feedback controller described by the following formula:

u(t) = K1σ(t)x(t)+ K2σ(t)xr(t), (3)

where K1i and K2i, i ∈ N , are controller gain matrices to be determined.
Applying this controller to system (1) leads to the following closed-loop system:

ẋ(t) = (Aσ(t) + Bσ(t)K1σ(t))x(t)+ Bσ(t)K2σ(t)xr(t)+ Adσ(t)x(t − d(t))+ Eσ(t)w(t), (4a)

x(θ) = ϕ(θ), θ ∈ [−τ , 0] , (4b)
y(t) = Cσ(t)x(t). (4c)

Denoting ξ(t) =

xT (t) xTr (t)

T
, w̄(t) =


wT (t) rT (t)

T , and e(t) = y(t) − yr(t), we obtain the following augmented
switched system:

ξ̇ (t) = Āσ(t)ξ(t)+ Ādσ(t)ξ(t − d(t))+ Ēσ(t)w̄(t) (5a)

e(t) = C̄σ(t)ξ(t), (5b)

where

Āσ(t) =


Aσ(t) + Bσ(t)K1σ(t) Bσ(t)K2σ(t)

0 Ar


, Ādσ(t) =


Adσ(t) 0
0 0


,

Ēσ(t) =


Eσ(t) 0
0 Er


, C̄σ(t) =


Cσ(t) −Cr


.

Denote

Ãσ(t) =


Aσ(t) 0
0 Ar


, B̄σ(t) =


Bσ(t)
0


, Kσ(t) =


K1σ(t) K2σ(t)


.

Then we have Āσ(t) = Ãσ(t) + B̄σ(t)Kσ(t), and the controller (3) can be rewritten as

u(t) = Kσ(t)ξ(t). (6)

Before moving on, we need the following definitions.

Definition 3 ([43]). System (5) with w̄(t) ≡ 0 is said to be exponentially stable under the switching signal σ(t) if there exist
constants α > 0 and β > 0 such that the solution of the system satisfies ∥ξ(t)∥ ≤ α ∥ξ(t0)∥cl e−β(t−t0),∀t ≥ t0, where
∥ξ(t0)∥cl = sup−τ≤θ≤0 ∥ξ(t0 + θ)∥.

Definition 4 ([44]). For any T2 > T1 ≥ 0, let Nσ (T1, T2) denote the switching number of σ(t) over the interval [T1, T2). For
given Ta > 0 and N0 ≥ 0, if the inequality

Nσ (T1, T2) ≤ N0 +
T2 − T1

Ta
(7)

holds, then the positive constant Ta is called an average dwell time, and N0 is called a chattering bound. As commonly used
in the literature, we choose N0 = 0 in this paper.

Definition 5 ([43]). System (5) is said to have a prescribed exponential L1-gain performance index γ under the switching
signal σ(t) if there exist positive constants α and γ such that the following conditions hold.

(1) System (5) is asymptotically (or exponentially) stable when w̄(t) ≡ 0.
(2) Under zero initial conditions, i.e., x(t) = 0, t ∈ [−τ , 0], xr(0) = 0, it holds that

∞

t0
e−α(s−t0) ∥e(s)∥1 ds ≤ γ


∞

t0

∥w̄(s)∥1 ds, ∀0 ≠ w̄(t) ∈ L1[0,∞).
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Remark 2. It should be noted that L1-gain performance can provide a more useful description for positive systems because
the 1-norm gives the sum of the values of the components, which is more appropriate, for instance, if the values represent
the amount of material or the number of animal in a species.

Remark 3. In this paper, we give the definition of L1-gain performance for a positive switched system. For a non-positive
system, we may say that a system has a prescribed H∞ performance if


∞

t0
∥e(t)∥2

2 dt ≤ γ 2


∞

t0
∥w(t)∥2

2 dt holds, which
means that the disturbance can be restricted to a level γ . From the definition of the p-norm (p = 1, 2), we have that
∥x∥2 ≤ ∥x∥1 ≤

√
n ∥x∥2 for a vector x = (x1, x2, . . . , xn)T . Thus, the L1-gain can be utilized to characterize the disturbance

attenuation performance.

The aim of the paper is to design an output tracking controller (6) and a switching signal σ(t) for system (1) such that the
resulting closed-loop system (4) is positive and the augmented switched system (5) has a prescribed exponential L1-gain
performance γ .

3. Main results

In this section, we will show how to design the state feedback gain matrices Ki, i ∈ N , and switching signal σ(t) for
positive switched system (1) such that the exponential L1 output tracking performance is satisfied.

3.1. Stability and L1-gain performance analysis

In this subsection, we focus on the analysis of the exponential L1-gain performance of the augmented system (5). Now
let us first provide a stability condition for system (5) with w̄(t) ≡ 0 in the following theorem.

Theorem 1. Consider system (5)with w̄(t) ≡ 0. For a given positive constant α, if there exist vi, ui, ϑi ∈ R2n
+
, ∀i ∈ N, such that

Ψi = diag

ψi1, ψi2, . . . , ψi2n, ψ

′

i1, ψ
′

i2, . . . , ψ
′

i2n


< 0 (8)

Πi = diag{πi1, πi2, . . . , πi2n} < 0, (9)

where

ψir = (āTir + αρr)vi + uir + τϑir , ψ ′

r = āTdirvi − (1 − h)uir , r ∈ S = {1, 2, . . . , 2n} ,
πir = (ατ − 1)ϑir + αuir , r ∈ S,

with

ρr =

 r−1  
0, . . . , 0, 1,

2n−r  
0, . . . , 0

 ,
āir and ādir represent the rth column vectors of matrices Āi and Ādσ(t); and vi = [vi1, vi2, . . . , vi2n]T , ui = [ui1, ui2, . . . , ui2n]T ,
ϑi = [ϑi1, ϑi2, . . . , ϑi2n]T , and vir , uir , and ϑir represent the rth elements of the vectors vi, ui, and ϑi, respectively, then the system
is exponentially stable for any switching signal σ(t) with average dwell time

Ta > T ∗

a =
lnµ
α
. (10)

Moreover, the state decay of the system is given by

∥ξ(t)∥ ≤ βe−


α−

lnµ
Ta


(t−t0)

∥ξ(t0)∥cl , (11)

where β =
max(r,i)∈S×N {vir }+hmax(r,i)∈S×N {uir }+h2/2max(r,i)∈S×N {ϑir }

min(r,i)∈S×N {vir }
, ∥ξ(t0)∥cl = sup−τ≤θ≤0 ∥ξ(t0 + θ)∥, and µ ≥ 1 satisfies

vi ≼ µvj, ui ≼ µuj, ϑi ≼ µϑj, ∀i, j ∈ N. (12)

Proof. Consider the following piecewise co-positive type Lyapunov–Krasovskii functional for system (5):

V (t) = Vσ(t)(t) = ξ T (t)vσ(t) +
 t

t−d(t)
ξ T (s)uσ(t)ds +

 0

−τ

 t

t+θ
ξ T (s)ϑσ(t)dsdθ, (13)

where vi, ui, ϑi ∈ R2n
+
,∀i ∈ N .

We have, ∀σ(t) = i ∈ N ,

V̇i(t) ≤ ξ T (t)(ĀT
i vi + ui + τϑi)+ ξ T (t − d(t))(ĀT

divi − (1 − h)ui)+ w̄T (t)ĒT
i vi −

 t

t−τ
ξ T (s)ϑids. (14)
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When w̄(t) = 0, it follows from (14) that

V̇i(t)+ αVi(t) ≤ ξ T (t)(ĀT
i vi + αvi + ui + τϑi)+ ξ T (t − d(t))(ĀT

divi − (1 − h)ui)

−

 t

t−τ
ξ T (s)(ϑi − αui)ds + α

 0

−τ

 t

t+θ
ξ T (s)ϑidsdθ

≤ ξ T (t)(ĀT
i vi + αvi + ui + τϑi)+ ξ T (t − d(t))(ĀT

divi − (1 − h)ui)

−

 t

t−τ
ξ T (s)(ϑi − αui)ds + ατ

 t

t−τ
ξ T (s)ϑids

≤ ξ T (t)(ĀT
i vi + αvi + ui + τϑi)+ ξ T (t − d(t))(ĀT

divi − (1 − h)ui)

−

 t

t−τ
ξ T (s)((1 − ατ)ϑi − αui)ds. (15)

From (8) and (9), one obtains

ĀT
i vi + αvi + ui + τϑi ≺ 0 (16)

ĀT
divi − (1 − h)ui ≺ 0 (17)

(ατ − 1)ϑi + αui ≺ 0. (18)

Thus, it follows from (15)–(18) that

V̇i(t)+ αVi(t) < 0. (19)

Let t1 < · · · < tk denote the switching instants over the interval [t0, t). It can be obtained from (19) that

Vσ(t)(t) ≤ e−α(t−tk)Vσ(tk)(tk). (20)

According to (12) and (13), we get

Vσ(tk)(tk) ≤ µVσ(t−k )(t
−

k ). (21)

From (19)–(21) and k = Nσ (t0, t) ≤ (t − t0)/Ta, we obtain

Vσ(t) ≤ e−α(t−tk)Vσ(tk)(tk) ≤ µe−α(t−tk)Vσ(t−k )(t
−

k ) ≤ µe−α(t−tk−1)Vσ(tk−1)(tk−1)

≤ · · · ≤ µke−α(t−t0)Vσ(t0)(t0) ≤ e−(α−
lnµ
Ta
)(t−t0)Vσ(t0)(t0). (22)

In view of (13) again, denoting ε2 = max(r,i)∈S×N{vir} + hmax(r,i)∈S×N{uir} + h2/2max(r,i)∈S×N{ϑir}, ε1 = min(r,i)∈S×N{vir},
one has that

Vσ(t)(t) ≥ ε1 ∥ξ(t)∥ (23)

Vσ(t0)(x(t0)) ≤ ε2e
−


α−

lnµ
Ta


(t−t0)

∥ξ(t0)∥cl , ∥ξ(t0)∥cl = sup
−τ≤θ≤0

∥ξ(t0 + θ)∥ . (24)

It follows that

∥ξ(t)∥ ≤ βe−


α−

lnµ
Ta


(t−t0)

∥ξ(t0)∥cl . (25)

By Definition 3, we get that system (5) is exponentially stable. This completes the proof.

Remark 4. In Theorem 1, a sufficient condition for the existence of exponential stability for system (5) with w̄(t) ≡ 0 is
presented by using the average dwell time approach, and the stability criterion is essential for analysis of the exponential
L1-gain performance.

Next, based on the above stability result, the exponential L1-gain performance analysis for system (5) is given as follows.

Theorem 2. Consider system (5). For given positive constants α and γ , if there exist vi, ui, ϑi ∈ R2n
+
, ∀i ∈ N, such that

Φi = diag

φi1, φi2, . . . , φi2n, φ

′

i1, φ
′

i2, . . . , φ
′

i2n


< 0 (26)

Ωi = diag{ωi1, ωi2, . . . , ωi2p, ω
′

i1, ω
′

i2, . . . , ω
′

i2n} < 0, (27)
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where

φir = (āTir + αρr)vi + uir + τϑir + ∥c̄ir∥1 , φ′

ir = āTdirvi − (1 − h)uir , r ∈ S = {1, 2, . . . , 2n} ,

ωik̄ = ēTik̄vi − γ , k̄ ∈ {1, 2, . . . , 2p} , ω′

ir = (ατ − 1)ϑir + αuir , r ∈ S,

with

ρr =

 r−1  
0, . . . , 0 , 1,

2n−r  
0, . . . , 0

 ,
āir , ādir , and c̄ir represent the rth column vectors of matrices Āi, ĀT

di, and C̄i, respectively, ēTik̄ represents the k̄th column vector of
matrix Ēi, vi = [vi1, vi2, . . . , vi2n]T , ui = [ui1, ui2, . . . , ui2n]T , ϑi = [ϑi1, ϑi2, · · · , ϑi2n]T , and vir , uir , and ϑir , r ∈ S, represent
the rth elements of the vectors vi, ui, and ϑi, respectively, then the system is exponentially stable with a prescribed exponential
L1-gain performance index for any switching signal with average dwell time (10), where µ ≥ 1 satisfies (12).

Proof. According to Theorem 1, we can obtain from (10), (26) and (27) that system (5) is exponentially stable when
w̄(t) ≡ 0. In what follows, we shall prove that exponential L1-gain performance of system (5) is guaranteed for all nonzero
w̄(t) ∈ L1 [t0,∞) under the zero initial condition.

From (5b), ∀σ(t) = i ∈ N , we have

∥e(t)∥1 − γ ∥w̄(t)∥1 =
C̄iξ(t)


1 − γ ∥w̄(t)∥1 =

ξ T (t)C̄T
i


1 − γ

w̄T (t)

1

=
ξ T (t)C̄T

i1 ξ T (t)C̄T
i2 · · · ξ T (t)C̄T

im


1 − γ

w̄T (t)

1

=
ξ T (t)C̄T

i1

 +
ξ T (t)C̄T

i2

 + · · · +
ξ T (t)C̄T

im

 − γ
w̄T

1 (t)
 +

w̄T
2 (t)

 + · · · +
w̄T

2p(t)


= ξ T (t)
C̄T

i1

 + ξ T (t)
C̄T

i2

 + · · · + ξ T (t)
C̄T

im

 − (w̄T
1 (t)γ + w̄T

2 (t)γ + · · · + w̄T
2p(t)γ )

= ξ T (t)
C̄T

i1

 +
C̄T

i2

 + · · · +
C̄T

im

 −

w̄T

1 (t) w̄T
2 (t) · · · w̄T

2p(t)

Υ

= ξ T (t)Γi − w̄T (t)Υ , (28)

whereΓi =

∥c̄i1∥1 ∥c̄i1∥1 · · · ∥c̄i2n∥1

T
1×2n, Υ =


γ γ · · · γ

T
1×2p, and C̄T

il , l = 1, . . . ,m, represents the lth
column vector of matrix C̄T

i .
Following a similar proof line to that for Theorem 1, we obtain from (14) and (28) that

V̇i(t)+ αVi(t)+ ∥e(t)∥1 − γ ∥w̄(t)∥1 ≤ 0. (29)

When t ∈ [tk, tk+1), it follows from (29) that

Vσ(t)(t) ≤ e−α(t−tk)Vσ(tk)(tk)−

 t

tk
e−α(t−s)∆(s)ds, (30)

where∆(s) = ∥e(s)∥1 − γ ∥w̄(s)∥1.
From (13), (21) and (30), we have

Vσ(t)(t) ≤ e−α(t−tk)Vσ(tk)(tk)−

 t

tk
e−α(t−s)∆(s)ds

≤ µe−α(t−tk)Vσ(t−k )(t
−

k )−

 t

tk
e−α(t−s)∆(s)ds

≤ µe−α(t−tk)


e−α(tk−tk−1)Vσ(tk−1)(tk−1)−

 tk

tk−1

e−α(tk−s)∆(s)ds


−

 t

tk
e−α(t−s)∆(s)ds

= µe−α(t−tk−1)Vσ(tk−1)(tk−1)− µ

 tk

tk−1

e−α(t−s)∆(s)ds −

 t

tk
e−α(t−s)∆(s)ds

≤ · · ·

≤ µke−α(t−t0)Vσ(t0)(t0)− µk
 t1

t0
e−α(t−s)∆(s)ds − µk−1

 t2

t1
e−α(t−s)∆(s)ds

− · · · − µ

 tk

tk−1

e−α(t−s)∆(s)ds −

 t

tk
e−α(t−s)∆(s)ds
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= µNσ (t0,t)e−α(t−t0)Vσ(t0)(t0)− µNσ (t0,t)
 t1

t0
e−α(t−s)∆(s)ds

−µNσ (t1,t)
 t2

t1
e−α(t−s)∆(s)ds − · · · − µ

 tk

tk−1

e−α(t−s)∆(s)ds −

 t

tk
e−α(t−s)∆(s)ds

≤ µNσ (t0,t)e−α(t−t0)Vσ(t0)(t0)−

 t

t0
e−α(t−s)µNσ (s,t)∆(s)ds. (31)

Under zero initial condition, (31) becomes

0 ≤ −

 t

t0
e−α(t−s)+Nσ (s,t) lnµ∆(s)ds. (32)

Multiplying both sides of (32) by e−Nσ (t0,t) lnµ yields t

t0
e−α(t−s)−Nσ (t0,s) lnµ ∥e(s)∥1 ds ≤

 t

t0
e−α(t−s)−Nσ (t0,s) lnµγ ∥w̄(s)∥1 ds. (33)

Noting that Nσ (t0, s) ≤ (s − t0)/Ta and Ta > lnµ/α, we have

Nσ (t0, s) lnµ ≤ α(s − t0). (34)

Therefore, it follows from (33) and (34) that t

t0
e−α(t−t0) ∥e(s)∥1 ds ≤

 t

t0
e−α(t−s)γ ∥w̄(s)∥1 ds. (35)

Integrating both sides of (35) from t = t0 to ∞ leads to
∞

t0
e−α(s−t0) ∥e(s)∥1 ds ≤ γ


∞

t0

∥w̄(s)∥1 ds. (36)

This means that system (5) achieves exponential L1-gain performance. This completes the proof.

Remark 5. When µ = 1, we have T ∗
a = 0, which implies that the switching signal can be arbitrary.

3.2. Exponential L1 output tracking controller design

In this subsection, we try to solve the exponential L1 output tracking controller design problem.

Theorem 3. Consider system (1). For given positive constants α and γ , if there exist vi, ui, ϑi ∈ R2n
+
, gi ∈ R2n, ∀i ∈ N, such that

Ãi + B̄iKi is a Metzler matrix (37)

Θi = diag

ζi1, ζi2, . . . , ζi2n, φ

′

i1, φ
′

i2, . . . , φ
′

i2n


< 0, (38)

Ξi = diag{ωi1, ωi2, . . . , ωi2p, ω
′

i1, ω
′

i2, . . . , ω
′

i2n} < 0, (39)

where

ζir = (ãTir + αρr)vi + uir + τϑir + gir + ∥c̄ir∥1 , r ∈ S = {1, 2, . . . , 2n} ,

and φ′

ir , ωik̄ and ω
′

ir are given as Theorem 2, with

ρr =

 r−1  
0, . . . , 0 , 1,

2n−r  
0, . . . , 0

 ,
ãir represents the rth column vector of matrix Ãi, and vi = [vi1, vi2, . . . , vi2n]T , ui = [ui1, ui2, . . . , ui2n]T , ϑi = [ϑi1, ϑi2, . . . ,
ϑi2n]

T , gi = [gi1, gi2, . . . , gi2n]T , and vir , uir ,ϑir , and gir represent the rth elements of the vectors vi, ui,ϑi, and gi, respectively, then
there exists a state feedback controller (6) such that system (1) is positive and achieves exponential L1 output tracking performance
for any switching signal with the average dwell time (10), where µ ≥ 1 satisfies (12). Moreover, the gain matrices of the desired
controller (6) are given by

gi = K T
i B̄

T
i vi. (40)
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Proof. Substituting Āi = Ãi + B̄iKi into (26) and (27), and denoting gi = K T
i B̄

T
i vi, by Lemma 2, we readily obtain Theorem 3.

This completes the proof.

Remark 6. It is noticed that (37)–(39) are mutually dependent. Thus we can first solve (38)–(39) to obtain the vectors vi,
ui, ϑi, and gi, and then, from (40), we can get Ki, and (37) can be verified with the obtained Ki. By adjusting the parameter α,
we can find a feasible solution for vi, ui, ϑi, gi, and Ki such that (37)–(39) hold.

4. Numerical example

In this section, a numerical example is provided to show the effectiveness of the proposed approach. Consider switched
system (1) and reference system (2) with parameters as follows.
Subsystem 1:

A1 =


−3.5 0.1
0.3 −3


, Ad1 =


0.2 0.5
0.8 0.6


, E1 =


0.2 0.1
0.1 0.3


, B1 =


1
2


, C1 =


0.1 0.2


.

Subsystem 2:

A2 =


−5 0.1
0.1 −2.5


, Ad2 =


0.6 0.3
0.8 0.5


, E2 =


0.3 0.1
0.2 0.1


, B2 =


2
1


, C2 =


0.2 0.1


.

Reference system:

Ar =


−1.2 0.2
0.1 −1


, Er =


0.1 0.2
0.1 0.2


, Cr =


0.1 0.1


.

Assuming that d(t) = 0.2 + 0.2 sin(t), we can get τ = 0.4 and h = 0.2.
Takeα = 0.5 and γ = 1. By using the LMI Toolbox inMATLAB software [45], solving thematrix inequalities in Theorem3

gives rise to

v1 =

1.6980
1.7908
1.8219
2.8702

 , u1 =

2.5854
2.6457
0.2689
0.4693

 , ϑ1 =

2.3112
2.1715
0.6710
1.0236

 ,

v2 =

1.3631
1.8923
1.8153
2.8380

 , u2 =

3.3847
2.0016
0.2652
0.4585

 , ϑ2 =

2.9063
1.8806
0.6573
1.0298

 ,
K1 =


0.0897 0.0561 0.0332 0.0584


,

K2 =

0.1025 0.0642 0.0380 0.0667


.

It is easy to verify that (37) is satisfied. Then, according to (10) and (12), we get µ = 1.4 and T ∗
a = 0.6729.

Let

w(t) = r(t) =


f1(t)
f2(t)


, f1(t) = f2(t) =


1 + sin t

t
8 ≤ t ≤ 28,

0 others.

From (5), we have w̄(t) =

wT (t) rT (t)

T
=


f1(t) f2(t) f1(t) f2(t)

T . It is obvious that w̄(t) ∈ L1 [0,∞).
Choosing Ta = 0.8, the simulation results are shown in Figs. 1–3, where the initial conditions of system (1) are

x(0) =

0.5 0.3

T , x(θ) = 0, θ ∈ [−0.4, 0), and the initial conditions of reference model (2) are xr(0) =

0.1 0.2

T ,
xr(θ) = 0, θ ∈ [−0.4, 0). The switching signal σ(t) is depicted in Fig. 1. The response curves of outputs y(t) and yr(t) are
shown in Fig. 2. Fig. 3 plots the error between the outputs of the switched system and the reference model.

It can be observed from Figs. 1–3 that the designed controller can guarantee the positivity and exponential L1 output
tracking performance of the system. This demonstrates the effectiveness of the proposed method.

5. Conclusions

In this paper,wehave studied the problemof L1 output tracking control for a class of positive switched linear systemswith
time-varying delays. The exponential L1-gain performance index was introduced to investigate such a problem. A piecewise
co-positive Lyapunov–Krasovskii functional was constructed to derive a stability condition for the underlying systems with
average dwell time switching. Furthermore, the desired exponential L1 output tracking controller was designed. Finally, a
numerical example was provided to show the effectiveness of the proposed approach.
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Fig. 1. Switching signal.

Fig. 2. Outputs y(t) and yr (t).

Fig. 3. Output tracking error.
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